ID. Let X (an arbitrary set containing more than one element) have the discrete topology. We shall always think of X' = set of infinite sequences of elements of X as having the product topology. Open sets in this topology are generated by the basic neighborhoods Nu = {f E X@: f extends u), where u ranges over the finite sequences from X. One can also visualize easily the closed sets of the space X'. Say that a tree T on X has no finite branches if for every u E T there is a proper extension v -< u in T. Then the map def A F-{(f(O)...f(n)): f E A,n E c}=TA gives a 1-1 correspondence between closed sets of X' and trees with no finite branches on X such that A = [TA ]. It is easy to see that A is perfect iff every u E TA has at least two incompatible extensions in TA (u, v are incompatible iff they have no common extension). Also A is compact iff TA is finite splitting i.e. every u E TA has only finitely many immediate extensions u-(x) in TA. In case X = X note that a closed set A = [TA ] is compact iff there is a real /3 such that for every a E A, Vn(a(n) < /2(n)).
REMARK. In case X = w the product spaces will be also equipped with the product topology.
For each countable X, X' is a perfect Polish (i.e. completely metrizable and separable) space. Topological notions related to category will be used as a tool repeatedly in this paper. In particular the following result will be needed in several places. If one replaces its hypothesis by PD then the result can be already essentially attributed to Banach-Mazur and Oxtoby (see for example [0]). It is not clear who noticed first the present stronger version but the key idea of using "witnesses" in various standard games already occurs in early unpublished results of Solovay (see for example [Bul) 2. a-bounded and superperfect sets. 2A. Let A c %1. We call A a-bounded iff there is a sequence {aji}iE, of reals such that for each a E A there is some i E co with a < a,, where for any two reals a, /3 def a < 83 X Vn(a(n) ? /3(n)).
We call {ai}iew a bound for A.
Note here that A is a-bounded iff A is contained in a a-compact (i.e. a countable union of compact sets) subset of 'iR if there is a /3 such that for all a E A, a < /3, where for any two reals a, /3 def a <* ,B 3i Vn > i(a(n) 6/3(n4 We think of course of a-boundedness as a notion of smallness for sets of reals, analogous to countability. Opposite to countable stands the concept of a perfect set. We shall now define the corresponding concept which provides the opposite to a-boundedness.
DEFINITION. Let T be a tree on Q. We call T superperfect iff for every u E T there is v E T extending u such that {m E co: v-(m) 8 T} is infinite i.e. v has infinitely many immediate extensions in T. We shall call a set A c superperfect if A is closed and the tree of A, TA is superperfect.
It is easy to see that A c %Jt is superperfect if A is closed and for every a E8 A and any open set G containing a, G n A is not contained in a compact set. Also notice that every nonempty superperfect set contains a nonempty superperfect set homeomorphic to ' REMARKS. ( and for all i > 1, the first member of si is bigger than ki. It is now easy to prove the following result, using the ideas of the proof of Theorem 3.1 together with the obvious changes suggested by the proof of the theorem in ?1. In its statement we denote by X+ the smallest admissible set containing X. Also L[X] is the universe constructible from X. , and Gp(B) is determined, then the same conclusion holds. Thus granting Determinacy (A2n), a set A E 1L+1 is weakly thin iff it is a-bounded and granting Determinacy (I.n+b' a set A e 2n+2 is weakly thin iff it is a-bounded. It is consistent with ZFC however that there is a H' weakly thin set which is a scale, so it is not a-bounded. This is the set B defined below. 5B. Our immediate goal is to show that there are largest weakly thin H2n1 and 2n+2 sets granting appropriate determinacy hypotheses for n > 1. The general abstract approach of ? 1 of [Ke2] is particularly useful here. By Theorem (1A-2) of [Ke2] it is enough to prove that the class of weakly thin sets has an appropriate additivity and satisfies some definability conditions. This is accomplished in the following two lemmas. 
if no such x0 exists the result is obviously true). By induction hypothesis A = U<,A is weakly thin. Let B = AV. Then B is also weakly thin. Assume towards a contradiction that A U B is not weakly thin. Then A U B contains a superperfect set P homeomorphic to & Then A n P must be meager in P (with the relative topology). Otherwise A n P, having as it does the property of Baire, is comeager in an open set G of P. Thus A n P contains a Gs set D dense in G.
But D cannot be a-bounded so D contains a superperfect set and thus so does A, a contradiction. Similarly B n P is meager in P. Thus P is meager in P, contradicting the Baire Category Theorem.
For the limit case, assume towards a contradiction, that P C Ui<eAj is a superperfect set homeomorphic to t Consider the relation x <"y4x <.y&x,y E P.
Then < " is a prewellordering on P which is in r, so has the property of Baire. For each y E P, {x: x < " y)= U {Aq: < p(y E A)) n P, so by the previous arguments and the induction hypothesis {y: x A" y) is meager in P. So by the Kuratowski-Ulam Theorem (see [0, p. 56]), which is the analog of Fubini for category, we must also have that on a comeager in P set of x's {y: x A" y} is also meager in P. Thus P is meager in P, a contradiction. 0 . For the proof of -= it is enough to show that B = {a: V3(co 6X co x ab /3)) iS H' and weakly thin. It is clearly I'. To show it is weakly thin assume P C B is a superperfect set homeomorphic to 61. Consider the prewellordering a < P X' a, ,BE P & xl on P. For each /3 E P, {a: a 6 /3) = {a E P: xl K 4A) is contained in a acompact set, namely {a: ax Pb/). So {a: a < /3) is meager in P and this contradicts as usual the Kuratowski-Ulam Theorem. 0 SE. We shall conclude this section with some remarks on S2 = {ao: 3/3 E L (a < fP)} and some open problems. We have seen in Theorem 5.4 that, granting il n L is countable, '2 is the largest a-bounded I' set. Of course we could only assume that 6I n L was a-bounded. In this case the converse also holds: If there is a largest a-bounded El set then 6f n L is a-bounded. This is because every 21 set which contains all the countable El sets must contain also 
Generalizations; the games Gg(A)
. In this last section we shall present a generalization of the *-and **-games (see [My] ) as well as the --games considered in the present paper. The generalized games we have in mind give a corresponding notion of smallness for sets of reals whose special cases are countability, being of the first category and a-boundedness. We shall also see how the main results of the previous sections generalize to this wider context. Let X be an arbitrary set having more than one element (X = {0, 1) or X = X are essentially the only cases we are interested in here). Let also R be an arbitrary nonempty set, whose elements we shall call requirements and let S be a function which assigns to each r E R a nonempty set of nonempty finite sequences from X, i.e. S: R -* power (X*<@) -{0}, where X*< =def Unz>Xn. If u E S(r) we shall say that u satisfies the requirement r and we shall write for convenience u vs r in this case. We shall assume that u s r satisfies the following conditions (of which the second is essentially a nontriviality condition that will assure us later that in the notion of smallness generated by <R, S> singletons are small):
(1) v < u & u s r =X v s r (i.e. any extension of a sequence that satisfies r satisfies r also), (2) Vx E X3r E RVu E X*<@o (u -<s r =X u(O) # x) (i.e. for every x E X there is a requirement which forces the first member of any sequence satisfying it to be different than x).
(3) There is 1: R -X o such that if r E R, u E X<@o and 3u' < u(u' -<s r) but u gs r, then there is q E R with l(q) < I(r) such that u^v -<s r iff v -<s q. 
EXAMPLES. In Example El before, clearly G6(A) is equivalent to the game G*(A). In E2, G&(A) is equivalent to G**(A). In E3, Gg(A) is equivalent to G(A).
DEFINITION. Let A S XX be a closed set. We call A s-nowhere dense if for each u E TA there is a requirement r E R such that for all v E X*<', tu^v E TA X u Js r. We call a set A S X' s-meager if it is contained in a countable union of closed s-nowhere dense sets.
EXAMPLES. In El, A 5 2( is closed &-nowhere dense if A is a singleton. Thus A 5 2" is s-meager iff A is countable. In E2, A S XX is closed Enowhere dense if A is closed nowhere dense. Thus A S X' is s-meager if A is meager. Finally in E3, A S w' is closed s-nowhere dense if A is compact and so A S w" is s-meager iff A is a-bounded.
Clearly "S-meager" is the notion of smallness associated with &. Notice that because of condition (ii) in the definition of a requirement set every singleton in s-nowhere dense. So every countable set is &-meager. Also every s-nowhere dense closed set is nowhere dense and so any s-meager set is meager. We shall now define a notion of "extreme largeness" opposite to the notion of "&. meager". DEFINITION. Let J be a tree on X<@= UnXn = the set of all finite sequences from X. We shall call J &-perfect if the following two conditions are met:
(i) For each + # p E J, {u E X*<': p^(u) E J) is s-dense i.e. for each r E R there is a u E X*<` and u' < u such that p(u) E J and u' -< r.
( It is now easy to see that every 6-perfect set is a G, in the space X@. On the other hand if E has the property that u vs r 4 (u(O)) <s r (i.e. satisfaction of a requirement depends only on the first member of a sequence), which is obviously the case in Examples El and E3 above, then every s-perfect set contains a closed s-perfect subset.
EXAMPLES. In El every nonempty s-perfect set contains a nonempty perfect subset. In E2 a nonempty s-perfect set is a dense in some nonempty neighborhood G, set. In E3 a nonempty s-perfect set contains a nonempty superperfect subset.
We now have the analog of Theorem 3.1, provided X is countable and also R is countable, in which case (abusing language again) we shall say that "& is It will be enough to show that A n P, B n P are meager in P (then P would be meager in P, which contradicts the fact that P being a G8 of X' is topologically complete (see [0, p. 47]) so satisfies Baire's Theorem). Take A for example. Since A n P has the property of Baire in P, if it is not meager in P it must be comeager in some neighborhood Nu n P (where u E X<') of P. Then A n P contains a dense in Nu n P G8 subset D of P. But then I has a winning strategy in the game G&(D), so I has a winning strategy in G6(A) which contradicts the assumption that A is 6-thin.) Using the generalizations of Lemmas 5.1 and 5.2 and assuming again that X, R, -<S are recursive we can show immediately the existence of a largest 6-thin TJl set and assuming PD, we can also show the existence of largest 6-thin (or equivalently 6-meager) H' or 11 sets, according as n is odd or even. We shall denote these sets by G6. Clearly en S C, C5 GC n for every S. Finally letting for each M and each f E XWi',
f6M X 3T e M([T] is 6-nowhere dense & f E [T])
it is straightforward to check that 
